Temperature dependencies of the impurity magnetic susceptibility, entropy, and heat capacity have been obtained by the method of numerical renormalization group and exact diagonalization for the Kondo model with peaks in the electron density of states near the Fermi energy (in particular, with logarithmic Van Hove singularities).
and reduce (1) to a semiinfinite chain depicted in Fig.1 , which is called the "Wilson chain".
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FIG. 1: Representation of the Kondo model in the form of a semiinfinite Wilson chain.

ONE-LEVEL BAND
Let us begin consideration from a very simple case, where the band consists of a single level with an energy ǫ 0 = 0, which corresponds to the case of γ 0 → 0 in Fig.1 . This problem is easily solved analytically, and we obtain for the partition function of the entire system Z tot and for the single level of a free electron Z free :
Z tot = 4 + 3e βJ/2 + e −3βJ/2 ,
Z free = 4 , where β = 1/T , and T is the temperature.
The impurity magnetic susceptibility χ imp is defined as a difference in the susceptibilities of the entire system, χ tot , and of the system from which the impurity is removed, χ free :
In our case the total magnetic susceptibility of the entire system (we assumed that gµ B = 1 and k B = 1) is
and the susceptibility of free itinerant electrons is In the case of a negative antiferromagnetic exchange J (at which the Kondo effect does take place), the quantity T χ imp intersects the abscissa axis with decreasing temperature and approaches −1/8 as T → 0 (Fig. 2 ). This result is understandable: at low temperatures, there is formed a singlet with a zero susceptibility in the spinelectronic system; subtracting the electronic susceptibility (6) from it, we obtain −1/8. The temperature enters into all formulas only in the combination Jβ, therefore, any characteristic temperature will here depend on J according to a linear law.
Apart from the susceptibility (4), the so-called local magnetic susceptibility χ loc is frequently introduced as well:
where
Tr e −βH e τ H S z e −τ H S z . This is the susceptibility of a single impurity in a magnetic field that acts locally, only on this impurity; its magnitude, therefore, can hardly be measured experimentally, in contrast to χ imp . We thus obtain
As we see (Fig. 2 ) χ imp and χ loc behave quite differently. In principle, this possibility was mentioned in [7] , where the reason for the difference is connected exactly with the inconstancy of ρ(ω) and where is asserted that the difference between them disappears for a flat band of half-width D in the limit of D → ∞. However, to the best of our knowledge, the fact that χ imp can become negative never has been indicated.
For the impurity entropy, we have
The impurity entropy grows monotonically from − ln 4 (at T = 0) to ln 2 (at T = ∞) (see inset in Fig.2 ). This can easily be understood even without calculations. Indeed, at a zero temperature the entropy is equal to the logarithm of the multiplicity of the degeneracy of the ground state, while at high temperatures it is equal to the logarithm of the number of all states. At T = 0, the entropy of the entire system is S tot = ln 1 = 0 (nondegenerate ground state) and the entropy of the electronic part is S free = ln 4 (four states with an identical energy); therefore, S imp (T = 0) = − ln 4. At T = ∞, the entropy of the entire system is S tot = ln 8 (in the system consisting of an impurity and an electronic site, there are eight states); therefore, S imp (T = ∞) = ln 8 − ln 4 = ln 2.
As we see, this simple system reveals features that are absent in the well-investigated case of a wide flat band, namely, a negative impurity susceptibility and a negative entropy.
In the general case, we can speak of two limiting cases: wide flat band and infinitely narrow infinitely high band (single-level band). All the other possible bands are "intermediate" between these two, and it is quite probable that some features of the single-level system will be preserved also for these "intermediate" cases, which will be considered below in some detail.
BAND OF A FINITE WIDTH
Let us examine a symmetrical band of finite width without singularities in an interval
Analytical Results for J = −∞
In the case of J = −∞, the Kondo model becomes considerably simpler for calculations.
When calculating the eigenenergies of the impurity term in (2) , it proves that the lowest energy state is the singlet, and all excited states are separated from it by a gap of about |J| and, therefore, they can be neglected. Since the matrix elements of the operators f 0 and f † 0 on this singlet are equal to zero, then the neglect of these excited states reduces simply to the elimination of members with f † 0 f 1 and f † 1 f 0 from Hamiltonian (2) and the replacement of the impurity member by its eigenvalue for the singlet state:
so that the problem is reduced to the problem of noninteracting particles, whose solution is much simpler. For example, to calculate χ imp , it is necessary merely subtract the susceptibility χ free of the chain beginning from the site 0 from the susceptibility of the chain that begins from the site 1.
It is possible to analytically solve the case of a semielliptical local density of states
It is shown in [2] D(E F ). Therefore,
If we now select D = 4/π, so that the height at the Fermi level be ρ(0) = 1/2, then we obtain χ imp = −1/8.
As far as the impurity entropy and heat capacity are concerned, by using a lowtemperature expansion for the ideal Fermi gas known from the textbooks, we obtain
and, according to the well-known formula C = T dS dT , the same for the impurity heat capacity.
Thus, at low temperatures, we have S imp = γ imp T and C imp = γ imp T , where
i.e., the impurity heat capacity C imp ≡ C tot − C free is negative.
An important role in the Kondo problems is played by the Sommerfeld relation, which is here more frequently called the Wilson relation
where the subscript "c" indicates the gas of free electrons. In this case R = 1 (this is understandable, since the effective Hamiltonian (10) is the Hamiltonian of the ideal gas),
while Wilsons calculations for small J gave a value R ≈ 2.
The same can be made semianalytically for the case of a rectangular local density of states: ρ(ω) = 1/2 for |ω| < 1. Assuming in formula (24) (see Appendix) that Λ → 1, we obtain the following coefficients for the Wilson chain for a flat band:
After this, for each length of chain N we can easily numerically determine the electronic spectrum and, consequently, also the density of states D and the magnetic susceptibility at T = 0. Given the entire one-electron spectrum, it is possible to numerically determine χ imp , S imp , and C imp for any temperature. The results obtained are given in Fig. 4 . Note separately that the impurity heat capacity C imp is negative, and has a minimum equal to -0.7 at T /D ≈ 0.25. Emphasize that all above-mentioned data are the result of strict calculations made without any approximations. At |J| ≫ D (e.g., at J/D = −100 in Fig. 5 ), the picture is complicated. At T ≫ D (e.g., at T /D > 10 in Fig. 5 ), the behavior observed is quite similar to the case of one level in the band (cf . Fig. 2) ; this is understandable: D is small, and we have ρ(ω) in the form of a narrow rectangle, similar to the δ-function; therefore, the results must be similar: At |J| ∼ D, there is a transition region between these two regimes; the low-temperature results for it are presented in the table. Note that χ imp and γ imp become zero at different J. 
(whereD(Jρ) ∼ D), which seems to be invalid at large |J|. From Fig. 5 it is also seen that the universality (retention of the form of the curve T χ imp (T ) at different J) discovered by
Wilson takes place only for |J/D| ≪ 1.
The negative values of χ imp and γ imp appear at J/D ∼ −1. This it is explained by a change in the behavior of energy levels (Fig. 6) . The greater the magnitude of |J|, the more rarefied the energy spectrum and, consequently, the less the total susceptibility χ tot and the total entropy S tot . At some, generally speaking, unequal critical values of the exchange integral J, they will become less than the independent-of-J χ free and S free , respectively. The lowest energies multiplied by Λ N/2 (Λ = 2) for the N th step of the numerical renormalization group, counted off from the energy of the ground state with Q = S z = 0 (Q is the total charge, i.e., the difference between the numbers of electrons and holes; S z is the z projection of the total spin).
Piecewise-Constant ρ(ω)
Let us now turn to a more realistic model and examine the idealized case of a piecewiseconstant local density of states with a rise in the center:
The results obtained (Fig. 7) show that negative heat capacity and susceptibility can occur here as well, and even at smaller values of |J| in comparison with the flat zone. The general tendency revealed is as follows: the narrower and the higher the central peak, the smaller the values of |J| at which the negative χ imp and C imp appear.
And finally, quite a realistic case. The inset in Fig. 8 depicts the local density of states ρ(ω) for one of the sites of the two-dimensional square disordered Anderson lattice taken from [8] . The calculation of the magnetic susceptibility of an impurity located at this lattice site again shows the presence of a negative T χ imp . 
LOGARITHMIC SINGULARITY IN THE DENSITY OF STATES
As is well-known, the density of states ρ(ω) in two-dimensional systems has a Van Hove logarithmic feature. For a two-dimensional square lattice, we have
where K is the complete elliptical integral of the first kind, which at small ω behaves as
. It is evident that for this logarithmic feature the characteristic width of the central peak is equal to zero; therefore, in the light of what was said in the foregoing section it is possible to expect that the negative values of χ imp and S imp will appear at any finite J.
The Kondo model with a logarithmic feature in the density of states was studied in [9] using the perturbation theory in the parquet approximation. In that work, the following estimate was given for the Kondo temperature:
where ν 0 is on the order of the inverse bandwidth. This qualitatively differs from the widely known estimate of T K for the flat band
We verified this assertion by NRG calculations, computing T K via the formula T K χ imp (T K ) = 0.0701 that is standard in this method [6] . Then, we performed interpolation using the leastsquares method with different trial functions (Fig. 9) , which showed that the results much better correspond to (18) than to (19). And even more precise is the formula with a root correction: Using the procedure described in the preceding section, it is possible to obtain strict results for the case J = −∞. After making a suitable replacement of variables, it was possible to construct simple linear graphs (Fig. 10) , from which it is easy to determine the low-temperature behavior of χ imp and of S imp :
From (22), we obtain for the heat capacity
The NRG calculations carried out for finite J showed (Fig. 11 ) that nothing uncommon is observed in the behavior of T χ loc . However, T χ imp first intersects the abscissa axis, then begins to grow very slowly, approaching zero from below. Its low-temperature behavior is independent of J and coincides with that calculated earlier for the case of J = −∞; the latter is explained by the fact that at sufficiently low temperatures any value of |J| manyfold exceeds both the temperature and the width of the infinitely thin logarithmic peak of ρ(ω). Thus, a new result is obtained: with decreasing temperature, the impurity susceptibility χ imp and the impurity entropy S imp /T tend to −∞ by the law −1/T | ln T | α(δ) (Fig. 12 ) rather than to +∞, as in a conventional paramagnet, or to a constant, as in the conventional Kondo regime. In this case, the heat capacity C imp is negative and approaches zero according to a logarithmic law rather than to a linear law. 
APPENDIX. DETAILS OF THE METHOD OF NUMERICAL RENORMALIZATION GROUP (NRG)
Here, we briefly describe some moments important for understanding the essence of the NRG method (this method has been described in detail in [6] , [10] ), as well as some new details that were proposed by the author of this work.
At first, the impurity model with a Hamiltonian of type (1) is reduced to a semiinfinite chain with a Hamiltonian of type (2) . The logarithmic discretization and constructing a
Wilson chain are conducted numerically (except for the calculations of the flat band, which can be made analytically).
The renormalization-group procedure starts from the solution of the isolated-impurity problem (sites "imp" and ǫ 0 in Fig. 1 ). At the first step, there is added a first conducting electronic site ǫ 1 , and there is constructed and diagonalized a Hamiltonian matrix on this
Hilbert space (with a fourfold higher dimensionality). This procedure is repeated multiply.
However, since the dimensionality of Hilbert space grows as 4 N (N is the order number of an iteration), it is not possible to store all eigenstates during the computation. Therefore, it is necessary to preserve after each iteration only states with the lowest energies. 
The algorithm of obtaining the result for the initial nondiscretized band is as follows: to conduct the calculation of the observed impurity value at a given Λ, changing the number of states preserved at iteration, and to make sure that the result is independent of it, i.e., it is reliable for a given Λ; to make this for different Λ (for example, for Λ = 3, 2.5, 2, 1.5) and, using those values for which it was possible to obtain reliable results, to make an extrapolation Λ → 1. Now, we concern the new details of the method that were suggested by the author. Earlier, when numerically passing from (1) to (2), the researchers attempted to numerically conduct a unitary transformation from the operators c k to the operators f n . For this, it is necessary to solve an infinite set of linear equations, which is impossible; therefore, for example, in [11] , the number of equations was artificially limited. We instead used a method (described in [2] ) of constructing a Wilson chain via three-diagonalization according to Lanczos [12] , which consists in iteratively constructing such a space (the so-called Krylov space) in which the operator
has a three-diagonal matrix. Starting from the vector |0 = f † 0σ |vac (where f † 0σ = k α k c † kσ ) and using the formula H σ |n = γ n |n + 1 + ǫ n |n + γ * n |n − 1
we consecutively obtain the coefficients γ n and ǫ n for (2).
As is indicated in [6] , because of the retention of only part of the energy spectrum at the Nth step of the renormalization group procedure, the thermodynamic averages should be calculated at a temperature that depends on Λ: T N = Λ −N/2 T 0 , where the starting temperature T 0 is selected more or less arbitrarily. We made an attempt to select the last value in a regular way. In a chain of finite dimension, the thermodynamic quantities experience evenodd oscillations depending on N (see Fig. 3 ). It was discovered, that the magnitude of these oscillations depends on the choice of T 0 and has a clearly pronounced minimum; the temperature corresponding to this minimum was selected as starting.
To finally suppress these evenodd oscillations, we used smoothing according to Euler [13] , which reduces to the following. If there is a certain oscillating sequence A n , we introduce a new sequence A
n , whose members are equal to arithmetic mean of the adjacent members of the initial sequence: A With the aid of this method, we determined the low-temperature values of χ imp and γ imp , which are given in the table I.
